We consider brane configurations in elliptic models which represent softly broken N = 4 U Sp(2N c ) and SO(N c ) theory. We generalize the notion of the O4 plane, so that it is compatible with the symmetry in the covering space of the elliptic models. By using this notion of the O4 plane, we find the curve for softly broken N = 4 U Sp(2N c ) and that for SO(N c ) theory as infinite series expansions. For the U Sp case, we can present the expansion as a polynomial.
Introduction
Supersymmetric Yang-Mills theory are interpreted as low-energy worldvolume theory on branes [1] . By considering brane configurations, some properties of SYM such as dualities are explained in terms of branes [2, 3, 4] . Conversely, we may know behaviors of branes by studying corresponding supersymmetric field theory.
In particular N=2 super QCD is given by worldvolume theory on D4 branes ending on NS 5-branes in type IIA string theory. In M-theory, NS5 and D4 branes are the same object, namely M5-brane, which represents R 1,3 ⊗ Σ [5] . Here Σ is complex Riemann surface which is described by Seiberg-Witten curves [6] . The N=2 Higgs branch is also studied in terms of M-theory [7, 8] . The softly broken N = 4 SU(N c ) model has been also considered in [5] .
This model is given by compactifying the direction along D4 branes which begin from and end on single NS5 brane (elliptic models). This space is twisted, which means that even if we go around the compactified direction, we do not come back to the same point but to the shifted point along the NS5 brane. The mass of the matter in the adjoint representation is given by the magnitude of the shift.
The curves for N = 2 SO(N c ) and that for USp(2N c ) theory have been derived [9, 10] by introducing an orientifold 4-plane in brane configurations. How to introduce orientifold 4-planes in elliptic models with twist is,however, remains as a question till now.
In this paper we consider brane configurations with the 'O4 plane' in elliptic models representing softly broken N = 4 USp(2N c ) and SO(N c ) theory. In the conventional definition of O4 planes, the mass to the matter is not permitted. This is because Z 2 projection of the O4 plane and the shift which corresponds to the mass are not compatible globally. So we need to generalize O4 plane projection. To do this, we first of all consider the O4 plane in each fundamental region in the covering space of elliptic models. Curves for softly broken N = 4 USp(2N c ), SO(2N c ) and SO(2N c + 1) are given by infinite series expansions. They are given by (3.5), (3.42) and (3.67) in the text respectively. These equations are consistent with the decoupling limits. In the USp case, we can read off the symmetry which the 'O4 plane' induces in the compact space since we can represent the curve as the polynomial. This is given by (3.26).
Although we have not represented SO curve as polynomials in this paper, we may see that the curve has the symmetry as well. In this 'O4 plane' case, the mass of the matter is given by the shift along NS5 brane as in the SU case.
Elliptic Models and the interpretation as the covering space
In this section we review [5] how N = 4 SU(N c ) theory is realized in the brane configuration.
This model is equivalent to what is provided by considering the integrable system [11, 12, 13] .
In particular D'Hoker and Phong [13] give the curve as the expansion in q , where
Here τ is complex gauge coupling constant,
This expansion of the curve in q may be interpreted as the brane configuration in the covering space.
First of all, we explain the space in which the M5 brane is embedded. We consider only single NS5 brane and N c D4 branes. In IIA picture, the NS5 brane has worldvolumes in direction is compactified on S 1 of radius R. We introduce holomorphic coordinates such that
We compactify the x 6 direction on a circle of radius L. Let us consider the following configuration: the NS5 brane is local on this circle and N c D4 branes begin from and end on this NS5
brane and extend along this circle. The v − s space is C × E locally, where v ∈ C, s ∈ E. Here E is a genus one Riemann surface with an arbitrary complex structure. However we should consider a C bundle over E,
Nc D4 x 6 m 
, the above first two lines in (2.5) are expressed as
The softly broken N = 4 SU(N c ) curve is interpreted as an N c -fold cover of E, the N c branches being the positions of the D4 branes in C. The NS5 brane appears as a simple pole in v. This description is equivalent to the integrable system [5] .
We begin by saying that the explicit shape of the M5 brane is given by the integrable system.
If we set double period (2w 1 , 2w 2 ) = (1, τ ) 2 the curve is given by [13] 
where 
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Here L(z) is the gauge transformed Lax operator in the elliptic Calogero-Moser system [14] .
The k a correspond to the classical locations of the D4 branes in v-plane and at the same time are vevs of the adjoint scalar in N = 2 vector multiplet. The curve is embedded in X m since the curve (2.7) is invariant under the transformation (2.5).
3
Using the series expansion for θ 1 (z|τ ), the curve is expanded as the infinite series in powers of q = e 2πiτ up to overall phase factors which do not depend on n,
This expression is faithfully represented by the brane configuration in the covering space of X m (Fig 2) . The reason is that in noncompact x 6 space the curve for N = 2 n SU(N c ) gauge group with bifundamental matters theory is given by the following form [5] ,
Here y = e s and B i (v) are some polynomials of degree N c in v. Dividing the curve by y
we obtain 
Orientifold 4-plane in elliptic models
Let us introduce an O4 plane to the elliptic model by considering the covering space. We treat an O4 plane as a nondynamical D4 brane which carries appropriate R-R charges and which operates Z 2 space projection [9, 10] . Being nondynamical means that the O4 plane does not
give rise to new moduli. The Z 2 space projection is (v, Hence we require the 'O4 plane' projection as the O4 plane projection in each fundamental region,
This seems a natural generalization of the O4 plane since we have normal O4 plane when m = 0.
Turning on m, each fundamental region is shifted by m along the v direction. This time each O4 plane is shifted with other D4 branes together. See (Fig 3) . This configuration apparently corresponds to softly broken N = 4 USp and SO theory with the O4 plane whose R-R charge is +1 and -1 respectively. In what follows we read off curves from this configuration and check plane in H(v − nm) whose R-R charge is +1 between two NS5 branes. The one is to introduce
The other is to introduce some constant shift which is independent of both v and s. For example [9, 10] , pure N = 2 USp(2N c ) case, the curve with an O4 plane whose position is v = 0 is
where y = e s . The first v 2 is caused by the O4 plane with the following assumption [15] : if the orientifold crosses a NS5 brane its charge changes sign. In our case, to be exact, the O4 plane does not cross, but the same term should be induced in each fundamental region. Hence
) + a n , where a n = a n (q, m, k a ). This is invariant under (3.1) for each n as expected. The curve (2.14) is deformed to
for softly broken N = 4 USp(2N c ). Let us consider the term a n . Notice that this curve should have all symmetries that the curve (2.14) has for arbitrary N c because this configuration with the O4 plane is seen as the special case of N = 4 SU(2N c + 2) configuration. 4 Since the curve must be invariant under (2.5), we have a n = a n+1 , which means that a n (q, m, k a ) = a(q, m, k a ). The curve (2.14) is also invariant under both (n, m, s) → (−n, −m, −s + 2πiτ ) and
. The O4 plane is nondynamical. When m = 0, the effects except for Z 2 projection of the O4 plane in each n th fundamental region will be canceled by the ones from n + 1 th and n − 1 th fundamental regions. This means
The mass dimensions of (q, m, k a , a) are (0, 1, 1, 2N c + 2), respectively. Of courseã must be invariant under Weyl transformation of USp(2N c ). These constraints are satisfied,
where f (q) is some function such that f (q) → q 1 2 for q → 0. This formula will be checked in the next subsection. We find softly broken N = 4 USp(2N c ) curve as the infinite series expansion
Decoupling limits
We check the consistency of the curve (3.5) by the diagram below.
N = 2 USp(2N 1 ) with N 2 flavors −→ N = 2 SU(r 1 ) with r 2 flavors
The limit (4) is already studied by D'Hoker and Phong [13] . It is known that when r 1 = r 2 the flavor group is gauged so that we have N = 2 SU(r 1 ) × SU(r 2 ) theory with bifundamental matters. We will see the similar situation in the limit (2).
For the limit (2), the curve for N = 2 USp(2N 1 ) with N 2 flavors is already known [16] .
Therefore we need further checks for the case that the flavor symmetry is gauged.
Let us check the limit (1). We take all D4 branes far away from the O4 plane. In this limit, v 0 = 1 Nc k a → ∞, where v 0 is the center of D4 branes not including mirrors in v-plane.
We also shift the origin, which induces v → v + v 0 and k a → k a + v 0 . The limiting form of
).
Since we do not require k a = 0 yet, we can absorb the last term into the first term by some redefinition of k a , and then we may take This is the same as (2.14), the curve for N = 4 SU(N c ).
For the limit (2), we classify k a into two groups such that x i and y j + m where i = 1, . . . , N 1 , j = 1, . . . , N 2 respectively. Here N 1 + N 2 = N c . In this limit, q → 0(τ → i∞) and m → ∞ while keeping
fixed. Here Λ is constant and b 0 = 4N 1 − 2N 2 + 4.
(m − m − y j )(m + m + y j ).
5 Notice that we ignore the immaterial factor '2' which comes from the shifts of coordinates in this paper.
Here this factor appears as (v
where
The limiting form of the curve is
where ω = e s . Since we need at least one NS5 brane, we keep y fixed as m → ∞,
For finiteness, we assume −6N 1 + 4N 2 − 6 ≤ 0. We obtain the limiting form of the curve as
When −6N 1 + 4N 2 − 6 < 0, we get the following curve as m → ∞,
This is the curve for N = 2 USp(2N 1 ) with N 2 flavors [16] as expected. To be more explicit,
y, we obtain
In particular, we take N 2 = 0 which means pure N = 2 USp(2N 1 ) theory. The constraint, −6N 1 + 4 · 0 − 6 < 0, is satisfied. This curve is valid in this limit as well.
The flavor group is gauged as in the SU case [13] :
where b 0 = 4N 1 − 2N 2 + 4 = 2k. This is the curve for N = 2 USp(2N 1 ) × SU(N 2 ) with bifundamental matters. To check consistency, we try the limit (3).
We consider the decoupling limits such that USp(2N 1 ) × SU(N 2 ) with bifundamental matters → SU(r 1 ) with r 2 flavors (3.19)
Here we require r 2 ≤ r 1 as in [13] . The flavor group should be gauged if and only if r 1 = r 2 . We classify x i , y j into two groups. Let M be some constant. The one is that (
and (y j 1 − y j 2 )/M → 0 as M → ∞, if i 1 , i 2 and j 1 , j 2 belong to the same group respectively.
The other is that (x i 1 − x i 2 )/M → ±1 and (y j 1 − y j 2 )/M → ±1 if i 1 , i 2 and j 1 , j 2 belong to the different group respectively. Let
20)
while keepingΛ
fixed. We obtain the limiting form of the curve of (3.18):
Making the shift y → M k−r 1 (−y) and throwing an overall factor away, the curve becomes
Notice that the term ofỹ 4 always vanishes for r 2 ≤ r 1 as M → ∞. This result is in agreement with the result which is studied in [13] . When r 2 < r 1 , as M → ∞, this curve corresponds to N = 2 SU(r 1 ) with r 2 flavor theory. When r 1 = r 2 , the curve becomes that for N = 2 SU(r 1 ) × SU(r 2 ) with bifundamental matter theory.
Solution in compact space and the symmetry
For USp case, we may easily present the infinite series expansion curve (3.18) as a polynomial by using (2.7), (2.11), (2.12). The polynomial H(v) in (3.18) is
Taking care of the degree of the H(v) for v which is 2N c + 2, we find the curve for softly broken
, where a 2 is constant which does not depend on z. All combinations of h n in the elliptic Calogero Moser system are written in terms of x, y.
Therefore, (3.34) becomes
Since USp(2) = SU(2), this curve must be equivalent to the one for N = 4 SU(2). Let us confirm at least for m → 0, ∞. First, form → ∞ , we already know that (3.38) becomes pure N = 2 USp(2) curve by the argument in the previous subsection. It is known that the N = 2 USp(2) curve is equivalent to N = 2 SU(2) one [16] . Form → 0, throwing the overall factor away, (3.38) becomes
This is equivalent to the curve for N = 4 SU(2) one with m = 0.
For any N c , we may construct the curve for softly broken N = 4 USp(N c ) as polynomials except for an ambiguity of f (q) by (3.26 ). This ambiguity is fixed by comparing the discriminants of the SU(2) and USp(2) curves since f (q) is the same function for any N c . The USp (2) curve is, however, very complicated to look for the discriminant. In this subsection, we look for the softly broken N = 4 SO(2N c ) curve as the infinite series expansion by repeating the similar procedure. In this case the R-R charge of O4 plane is -1.
Therefore, the effect of the O4 plane between NS5 branes appears as v −2 . Notice that there is no constant shift unlike the USp case. For example, the pure N = 2 SO(2N c ) curve is
To obtain the standard form, let y → v −2 y. The curve becomes
For that reason, we find the curve for the softly broken N = 4 SO(2N c ),
where As in the SU and USp cases, the flavor symmetry is gauged in (2) for some N 1 , N 2 .
For the limit (1), let
factor is thrown away since this is independent of n. We obtain the limiting form of the curve,
This is the curve for softly broken N = 4 SU(N c ) as expected.
For the limit (2), let N 1 + N 2 = N c and
while fixing 
In this limit,
When −6N 1 + 4N 2 + 6 < 0, (3.60) becomes 
In particular, let us take N 2 = 0 , which satisfies the condition −6N 1 + 4 · 0 + 6 < 0. We obtain the pure N = 2 SO(2N 1 ) curve.
If −6N 1 + 4N 2 + 6 = 0, (N 1 , N 2 ) = (2k + 1, 3k) k = 1, 2, . . .. The curve (3.60) becomes with r 2 flavors and when r 1 = r 2 , the curve for N = 2 SU(r 1 ) × SU(r 2 ) with bifundamental matters.
The SO(2N c + 1) case
For the SO(2N c + 1) case, the procedure is almost same as the SO(2N c ) case. The only difference is that we need one more D4 brane which is not dynamical and which is on the O4
plane. Therefore we multiply (3.43) by (v − nm) to obtain (3.67) satisfies also these checks. We do not put the details except for some comments on the limit (2), because the procedure is same as the other cases.
For the limit (2), b 0 = 4N 1 −2N 2 −2. The condition for this limit is that −6N 1 +4N 2 +3 ≤ 0.
When −6N 1 + 4N 2 + 3 = 0, the flavor group is gauged. However there is no solution for integers N 1 , N 2 . Therefore the flavor group is not gauged unlike the other cases.
Conclusions for the SO(N c ) case
We find the curves for softly broken N = 4 SO(N c ) as the infinite series expansion (3.42) and (3.67) for SO(2N c ) and SO(2N c + 1), respectively. In this case, we have not recast these expansions into polynomials. Recall that H(v) is a polynomial in obtaining (2.14) from (2.7).
